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SPECTRAL EVOLUTION EQLJATION FOR THE SIDEBAND
INSTABILITY IN A FREE-ELECTRON LASER OSCILLATOR

PmIl J. C’H,INN IILL, hIS-fIsY~

AssIul IiIIg t hat t Ile IiKilt relllaills ill t Ilf+ol}ticd syst tv]} wllild t lle elect rolls

:)ass t Ilrollgll wd are iost, we have (Ierivwl t Ile evolut ion tq(’at io]l for an arl~it rary

f~])t icd sIMct rlllll ill a frw’-t’lvct rot] Ias(’r (wcil]at or. ‘1’lle ~C=Slilt illg integrodilfcr-

ent id equat ion illcludw t lle dfects 01 Iillear (q)! icd systelll losses (d~w t o either

n~irror reflectivity or c]ipl)illg), t Ile Ilsllal sll]all sim)al ~iilll tmtl, all(l a qlladratic

Ilolllil)ear tex-n] t lmt inrllldes t lit= dlevts ()! sat Ilrat ion al]d colll)lillg to sidelmld

lmxlt=s, ‘Jlw drects of (let IIllil]g all(l Imrt iclv Imalll ctlrremt and energy variat imls

ran easily I)e inclll(le(l, Reslllts of lll~llwricd sol[lt ions of t I]e eclllatiol}s for varim~s

(wll(lit ions w’ill lw l)rwi I]tt=(l,

1. Introciuct,ioll

+ \\ ’~Irk l~t’rl’f~rllltvl IIIItl(II’ t 1111itllsj)ifvw (II’ t lIf I

I)\’ Illf ’ 1’, s, /frill)’ !sll’Htt’ki(’ 1)( ’[; ’}1s1’ t ‘Illlllll; lllll,
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2. Gelmd model



~CCllrde L’ll(Jll~]l to (kS(’ri]W I 11~11]011o11(W’ iLIJOllf (NW?O!’ I i~() s~ll~]lrd I“(JII OSCil]Z~-

t iOliS.

TIM elect roll Iwi-till is qivt.11 l))” ii ]Jrrs(.ril)t’(1 ( l)(wil~ly t illlc’-(l~.j~rll(lrllt ) dis-

trilmt if~tl at 1116 Iwgillllillg (J!’t.it(”l] l)ilSS, Ivlli(.11 t I]t”ll ~’l”f)lvt% ill ;ic[x~ltlntlce Iril II

t Ile part irlt- I r;lir(.loritw flo\vII t lie wi~glt’r. NfIt6 I lI:~t t III NIKII t lIr (Iistril)llt iol] is

l~rescrilml a prif~l”l ;tl t II(” lwy,i[ltlill~ (J t~acll liass, ,Is IIiLlly ill a titlle-il]drl]ellflellt

Illantler, t I]e evolut ion dowII llIr ivi~lt’r (I YIWII(IS 1~11I IIF Iigllt .sIwdrlllll d that

pass and, t IIIIS. will IIsImlly h (Iiffrrmlt lr(~tll OIIL* pass t I) 1Iw Iwxt IIIlless t lIe spt-t--

tl”lllll is ill a stt’a(l~ Stilt t’. \Vt’ will dsf) aSSIIIIIe t hat t Iw vltvd nm l~twun is lmt lm*-

l~lln(llecl 011 t ]le nl)t icd st-fllt$ lt=Ilgt II at t lie lvigglt?r (’lit ran(’e” t his W+slllllpt i(]ll is

violated ill certain recent wiggler designs t lmt ill[lllde m optical l)llncllin~ section.

Finally, we will iglme part irk discrrtrnrss dkts w) t Iltit spmltmleolls mnissiml

tlw sprt rlln! , we begin wit.11 hl[Lxwdl”s

(1)

t Ilt’

(2 I

\-A.,,,i,,(/)sit,ll,,,(: ,./)1 2rrllr(:, ~) , (:{)
11

I



( 1)

dfl ,,, ,“l,,,fl,,: I
.,

frfJffI) H (’(IHIA’,:,:(1,:,, ~{)) A’,,,d I
!//” ‘- :/., ‘ .l/L’,,, /., /.l,” ,,, “i, fl:ldlll JA:lq%i)

1(/.:,.%}) ‘

.
I



trajectories, it is collvdlient. t0 use varial~les fl14illed lIy 1’ =- I 2 and w & d. mm

t rajwtory eqtmt ions I lMI IWCMW

Once the solutions of

:~+:3+. ..md=’=

illtegrand in q, (9),
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(11)

is expanded to the same order, J = .10 L .l I & .1: 1 .l~ + . . . . [ Tsing t Ile assllmpt ion

of no old ical prehunclliug nnd ignoring p:wt iclv tlismt:t tmess Meals, the intc=grrds

of the zerot h urdcr integrancl ~1~ and t IIVSWOIMIor(lm iul egrrmcl

first - an(l t IIird.orclw t ml]s me giwn hy

:{1’,1”; ,+, I’,k,:,q
1 ..----- .---. ,

.Ii} k,;%, q) 4-
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’32 vanish: t IICJ

1k“, 1(1 ‘1 , ( 13)
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3. Constant parameter wiggler

The expitllsiolw nut.lille(l in Ihe previous section have hew carrit~[l ollt ill

cietd [or t IIe constant parameter wig~lm used in the Los Alanm oscillator expm-

immt. [ 1] In this cam=. t he expansions d the posit inn : nnd the sqI Iared ener~v [’

me llmst. Wkimtly curried (ml Iq’ rt=mgllizillg t hat cqs. ( ltl) and ( 11 ) m-e dvriv-

alde from a Hamilt oniit II

with em = hmumu,,;k;; .

( }r~er, the Iowmt ordtw in

lrsing Hamilton-.lacohi pertmhation theory to l.bird

t.lle action S is given Iy

(16)

so = 1-o: t f’~w.

where
“2 1- (1:

q .-: .-. .— 111r. -- ro.
‘1

( 17)
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-1= (23)

i)l’fJ “

where (23) is an eq[!zd ion for t.hc posit ion s ill Irons t.~(tlw? initial positi~m ZI mlfl

energv r. Given these sollllimm the restllts art’ slll~st it Iltd ill q.% ( 13) and ( 1.1)

to det.ermilie the required int.egramls. ,\lt bough Ihis procedlme is straightforward,

a very large number of terlus result. cqwcially at. t hid ordrr: t hwdore, all of the

cdculat ions were carriml out. Ilsing an dgehic mmi puhd ion coinpltt m code,

SMP, a product of the Inference Corp. of Los Angeles, California. A number of

consistency checks were qqdied to the cahdut ion to ensure accuracy, il:cluding

the identical vanishing of several t.luwancl terms that woIIlcl 01 Imwise have hen

singular. Even though the remllts of these calcdnt ions were cmsicleruldy sllort.er

t.llall the iut.ermecliat.e expressions, t hey were st ill long Fmollgll that t.hvir expres-

sion as FORTRAN code was also carried out ill Shl P to minimize t lie possibility

of error,

The form of the evohltion eqllat inn that resldts from these calcllld.ions is

Al,,, d,,,..--.—~- -- –-‘.-(1 “, + g,,, u “, 1-am ~ l((m, n)a~,
dt ‘)~~

n,r

~vlwrr h-( m, n ) is a kcrlwl fllld ion tlmt ilwludes hot h sat. uratioll

d?,,, rt
...-. .. ... ‘ + 2in, ~ I((m,n)ir,..-’1 i,,, { g,,,I,,,
(it La

n,r

(25)



. That. I)ifurcti!imls to n]orc ccmlplicated l~eltavifw are likely can I)e arglml l~y olJ-

serving that tlie ~aill alltl Ilnlllillt’ar t(’rills ill eq, (25) are M II prnporl imnl 1n

current. ThIM. at s~lflicieIltly IIigll c[lrrc]lt they (Iuninate the system loss trmn,

leading to the predict iml that stea(ly slat es 1)1’collle itldepmdent. of curr(~llt at

sufficient ly IIigh clurellt, i.e., pl~tt.illg Ilmre mlergy in t Iw system gives I1O lnore

optical power. Llecalwe t his reslllt is cmlllterillt uil ive, one might expert [hat the

steady state is irrelevant at, very high current and that t.lle spectrunl is til]~c epen-

den.. even with zero detuning and steacly electron l~ealn current.

Although one can numerically integrate eq. (25) as m evolution equat.ioll

starting froln assumed il]itial comlitmus to determine the relevant Iwnlillear dy-

namics, we nave not yet dd]ugged the resulting code. Instead, we present results

for tile steady state, assuming zero M ~llling and the wune electron Iwaln clist rilm-

tion from one pass 10 tile next; i.e., we invest. igate solutions of

(26)

though recqq~iziqg tlw possiljle irrelevance of the solutions at. very high current..

13q, (26) was sol vd Ilulllerically l)y starting from tile assunlption of diafiona]

{Iolllinallce, i.e., igllnrillg tile off-diagonal temls in h-on., n ) and iterat ing tile eqlla-

t ion incll.tdit~g t lle nff-(liagmml t mm llsitlg a Newton algorithm until tlw solllt iol]

collvergedm ‘1’lw rt=s[llt for oile case using the parameters of t.lle oscillator experi-

Ine:lt [ 1] with ii ]x=ak currmlt of 50 A is shown in fig, 1- A Gaussian (list riljut iol]

in energy with a ful] width of 1% and a parabolic (Jistrilmtion lrmgitudil~aliy were

used in the ill! egrals over lhe beam distril~lltion function, The optical syst eul loss
.

function was assulnerl 10 l~e constant as a flulctiotl of wavelength. Coml]arillg

fig, 1 with Ilw t’xlwrillmlt[ll restllts, fi~, [ ]2 1 , fur t Iw sluallest d(:t llliin~ it CaII I)(’

Sf’t’11t Ilnt

sp=ctrlllll

t hollgh it



nlent., i.e., several Ilundred megawatts. l’lle illlport ante of mmlimar clrerls is ol}-

vimw WIIVN it is ol)servcxl t Illlt I lw peaks ill 1IJe spectrum in fig. 1 do mt lie ml

the peak of the small signal gain curve.

To test tile possil~ility of siclchand s~lplwessioll using optical elenlents, a

modei .q-slenl loss curve as sllowll in fig. 3 was used in a run wit.11 otkwise iden-

tical parameters; t.lle results for tlw st.twdy stale s~)ect.runl are shown ill fig. 4. As

can I>e sew, the enl~a]ld danlpillg (lees result. in a significant Ilarrowing 01 t lle

optical sl)ectrulll, I]ut at tile cost. of a fact ar of alq]roxiulately 9 ill ol~tical power

as o]le wotllcl expect. Alt Imugll this resld! is a very enco~lrmgillg test for t lle t lle-

ory. it should Ilot I]e overillt crl~ret d Iwcause of t lle ol>vious ina(leqllztcy of the

lnoclel of optical system dampiug t Ilat was used.

4. Summary and discussion

\Ve Ilave presel]led an outline of Ille derivation of tile spectral evolllticm

eqllat iml for ~~1, oscillators all(l lm~lil]~i]lary results on the steady state spectrllnl.

The init.;.al results compare very Wdi witl! ille experimental resldt.s both in the

Sllalw of the s])ect rlltn allfl in tile Ilmgnit Ilfle of tlw steady stlat.e power.

Time ilre a tlllllll~i~r of exte]lsialls Hn(l illlprovemellts of lhe tllwory tl]nt call

ol]viously t~e (Iullr. ‘1’Iw sflccrssful devrlol)lnellt of a code integrating eq. (2.5)

woul(l allow illved igat ion of t IIY start -Ilp evcdulioll mm-l the Wects of opllichl sys-

lllf)flmntr lvllKt 11wigglt’r) il!to tlw Ilnt Ilrf’ {If t Ilr snlllrntvd slwrt rlltll.

/\ltlN)ll~lI tllv tll(’tm,v wr Iinvv l)rw+vtllv(l IIns a Illlllllx’r of illlwrt’tll lilllilll -

10



ticms and requires a nllmber of extmsicms or illlprovements, it has alread!’ dmloll-

st rated renlarl;al)ly gowl agret=l]l(’llt wit 1) twlwril]ltvlt :\l res(ll[s all(l Ilas sll(nvt)

that very significant sidehalld efrt’cts are l)rc(licted ewl for short wiggl(’rs with

no cleariy defined syncllrot roll oscillat ions.
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